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ABSTRACT
In this paper, we present a new method for valuing options on two risky assets. It
essentially allows these options to be looked from a more convenient perspective: as
options on one risky asset whose price process may be a bit more complex than that for
either of the assets. The method does have limitations and cannot be used for all possible
options on two risky assets. However, its convenience and, more importantly, the ease
with which one can know when it is possible to apply it make it a worthwhile tool for one

to know.



I. Introduction
Suppose the assumptions of Black and Scholes hold and further suppose we have two
assets whose prices follow geometric Brownian motion:
ds; = S} y,dt+S]o,dw;
i=12
Corr(W, W)= p
Cov=po,0,
Further dW is a Wiener process. Consider the European option which can be exercised
at time 7 and whose payoff is:
Vr(Sy,8%)=max(S; —kS?,0)
By the No Arbitrage Hypothesis, at all times ¢ before expiry, we must have:
0<V,(S!,SH)<S!
Effectively, this option gives its holder the right to exchange & shares of S” for one share
of 8.
II. Pricing the Option
To value this option, we will use the method of changing the numeraire. All of the above
prices are dollar-valued prices. To price the option, we first determine its price in another
currency, not dollars but shares of S” itself! Then the price of the option in dollars will
simply be the price of the option in shares of S multiplied by the dollar-price of S°. We
introduce the following notation change:
A,i’j the price at time ¢ of asset 4’ valued in currency j
In $°-land, where the currency is S, the price of S” is always 1. That is, rather than using

dollar bills, the citizens of S°-land use S° stock certificates. As stated before, this option

gives its holder the right to exchange k shares of S for one share of S’. This will only be



done if the price of S’ in $°-land is greater than k. Hence the final value of the option in

1,$
v (SEL ST = max[S T/Sz,$ - k,o]
T

S%-land is:

or likewise

since

Now, to price this option we must look at the differential equations satisfied by the assets.

First and foremost:
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See Appendix 1 for proof that:
aw'dw? = pdt

From the above it is clear that,
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QS,"SZ) = 0 b v o — 200k
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Now, at all times, the option vS , is a function of two variables, S and ¢. Hence:

S2 S2 S2
avs = BI; dt+ aVlsz ds"s +1 o’y . Q 152)
t st g1’

s s 1 92rs
il TR SU (MY +—
t st 2 aSlS
8V

SlS (22) dt

vs’
+
oSS’

S1S2 ldW] SlS 2sz2

M=‘ll1 _ﬂz +O-22 _COV

2 =0, +0,> —2Cov
In $°-land, we shall form a self-financing replicating portfolio which will be composed of

two assets: the stock (that is, S") and the risk-free asset (that is, S° whose risk-free rate of

return is its dividend rate):
s _ Sl,Sz Sz,s2
Ht - ¢[ t +l//1 t
dHfz = q’/dSILSZ +l//tdSt2’S2
Simplifying:
a1’ =51 (s 40,2 ~Conryrs? fev 15 0w, 0,51 0saw;
We also know that:
2,87 2,82
as;” =rS™° dt

where r is the dividend that S pays out valued in $*-land '. Note, if S° does not pay a

dividend, » = 0 and we can replace S,2’SZ by 1. Now, we must adjust ¢, and y, such that:

2 2
ny =v’



dHfz _ dI/tSZ
We set

s
a5

@,

2
This cancels the two Brownian motion terms in the equation for d V5" . Now we must

solve:
s s 1,52 2 102y 1,522, 2 2
+—8" (Y4 —U,+0,”" —Cov)+——8" (0,” +0,” —2Cov)
at aSlSZ 1 2 2 2 1S22 1 2
' A
=0,55 (1)~ 1y +0,” —Cov) +y, 152
Using
s
PP
2 2
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We can simplify the equation to:

aVS2 .52 BVSZ 1 1522 2 ) 2y, 8% 52
a—+rS,’ e +5S,’ (o," +0," =2Cov) =V =0
t st

asts’
This is of exactly the same form as the original Black Scholes equation! Hence, we know

that':

VS =8 N, - ke T N(d,)

Sk I
In tk +(r+222 J(T—t)

2NT —t

d1:



2 =0, +0,> —2Cov
z 1/ )2
N(z)=—1 '[ e(é) ds
N2 dee

Now, this gives the value of the option in $*-land. To value it in dollars, we need to

convert using the dollar-to-S° exchange rate (that is, the dollar price of §° shares):
V,$ _ S,2’$V,S2

Valuing everything in terms of dollars, we see that this means:

v =SSN -kS*Se " T IN(d,)

S1,$
ln[k '2$ ]+[r+;22 j(T—t)
S

2NT -t

S1,$
In| ’2 +r—lZ2 T-t)
kSHS 2
d2=

INT -t

d1=

2 =0, +0,> —2Cov
III. The American Option
We now consider the American option analogous to the option above. That is, consider
an option which can be exercised at time ¢ less than or equal to 7 and whose payoff is:
AS(S1, 825 ) = max(S}S —kS*S 0)
It is easy to show that the American option has the same value as the European option.
Consider the following two portfolios:

Portfolio I: Long one European option



Portfolio IT: Long one share of S"*; short two shares of $**

Now, at any time ¢, the portfolios will have the value:
Portfolio I V,* (S}, 52%)
Portfolio IT: S} -S>

At expiration, the portfolios will have the value:

Portfolio I: max(S+® —kS2%,0)

Portfolio II: S}° —kS%*
Since Portfolio I is always worth as much as or more than Portfolio II, we must have:
V(S!S 825> 515 _ kg2
Hence, the value of the European option exceeds what one would get in return for

exercising an American option early. Hence, one would never exercise an American
option early and its value will be identical to the European option:

A7 (S/5, 855 =V (87,57
IV. An Alternative Derivation
There is an alternative derivation for this option presented by Margrabe. It is briefly
sketched in this section. The option at some time prior to expiry is a function of the time

and the dollar prices of S’ and $°. That is:
V=V (S;t.stY)
For a fixed time 7 in a perfect market:
AVE(S;S. 8P =V (AS A8
That is, A of these options that allow the holder to exchange k shares of $** for §”* should
have the same value as one option that allows the holder to exchange Ak shares of $*° for

] . .
A shares of S™*. Since this is the case, we can use Euler’s Theorem:



v} s, v}

L$ @28 2%
VES.S )_8 13 8S2$S
v}
:>V (Sl$ S2$) l$ S2$
8 1$ an2

This could be thought of as a portfolio that is long one unit option and short the
appropriate partial derivative units of each stock. Now, over any short time horizon we

see that any return is zero:

$
a 1$ aS2$
But, by the application of Ito’s lemma to V,$ we see that:
s ot aV
avs = —dr+ ass + ds”
ot aS1$
$ $ $
_ |19 525152 9%, 1S 628 oyt L 9%V, o.2525% |
2 aStl,$2 1 Pt BS}’$BSIZ’$ t t 2 8S12,$2 2 Mt

By comparing the two equations, we see that:

vt 19*) 82V$ R 2
az +% o)’ 152 Sl$SZ$C L9V 5,282 =0
t aS1$

According to Margrabe, the solution to the above differential equation is the equation
presented in Section II of this paper. In other words, it is the $-valued equivalent of the
differential equation derived and solved in the previous section.

V. Extensions

Again, suppose we have two assets whose prices follow geometric Brownian motion:
ds}® =S5 pdt+ P o,dw;
i=12

Corr(W, W)= p



Cov=po,0,
Consider the European option which can be exercised at time 7’ and whose payoff is:
V(SIS ,82%) = max(S), $2%)

Using the method discussed previously, we know that in S°-land, this option has payoff:

52 QLS _ 1S 1y _ SIT’$
Ve (87 )=max(S;° ,1)=max G258 J
T

Now, the equations of Section III still apply:

ds)s” = st [,Ul — ly + 05" = Cov)dt+0,dW, +0,d W} _

§? §? 52
avs = 81; alt+aV1S2 dSlSz+laV 267152)
t ast S2

s oarS 1927
= |5 oy s’ M)+
a > aSlS

8V

S‘S (22) dt

vs’
+

e SIS G, dW}?

S1S2 ldW]

M =‘ll1 _ﬂz +O-22 _COV
2 =0, +0,> —2Cov
So, we can use the same replicating strategy to derive the same differential equation:

aVS2 .52 BVSZ 1 1522 2 2 anSZ 52
5 +rS, e +5S,’ (o," +0," =2Cov) =V =0
0S” a5 s’

Thus, this option is identical to the previous on in everything respect except the boundary
condition. The solution to the differential equation with the new boundary condition is

presented in Appendix III. It is:

7S =e T 1M N —e " TON(d,)



Valued in dollars, this is:

V[$ — St2’$€_r(T_t) + S,l’$ N(d] )_ St2,$e—r(T—r)N(d2)

S1,$
ln[k '2$ ]+[r+;22 j(T—t)
S

2NT -t

S1,$
In| ’2 +r—lE2 T-t)
kSHS 2
d2=

INT -t

d1=

2 =0, +0,> —2Cov
This formula looks suspiciously familiar. In fact, it should be clear that:
v =80 10}
where O° is the option of Section Il with k = /. To see why this is so, consider the
following two portfolios™:
Portfolio I: Long one share S**; long one option with payoff
max(S;* - §2%,0)
Portfolio II: Long one option with payoff max(S}’$ , S%’$)

If ™% is greater than S** at expiration, then the portfolios will be worth:

Portfolio I: §*° + (§"* - §7%) = §"*

10



Portfolio IT: §"*
If S™* is less than or equal to than $>° at expiration, then the portfolios will be worth:
Portfolio I: $** + (0) = §7*
Portfolio IT: $°
Since Portfolio I is worth the same amount as Portfolio II at expiration in all cases, the
two portfolios must always be worth the same amount by the No Arbitrage Hypothesis.
Thus, we get the result obtained above with » = 0:
v =5 +0;
Now we consider a related option with payoff:
VE(SES,82%) = min(SkS, $2%)
While we can use a method similar to that in Appendix III to value this option, greater
intuition can be derived by considering the No Arbitrage Argument presented below':
Portfolio I: Long one option which pays off min(S 1§ S%’ﬂ;)
Portfolio II: Long one share S*; short one option with payoff
max(S}’$ -57°,0)
If $™* is greater than $*° at expiration, then the portfolios will be worth:
Portfolio I: $>°
Portfolio IT: §"* - (§"* - §%%) = §%*
If $™* is less than or equal to than $>° at expiration, then the portfolios will be worth:
Portfolio I: S"*
Portfolio IT: §"* + (0) = §"*
Since Portfolio I is worth the same amount as Portfolio II at expiration in all cases, the

two portfolios must always be worth the same amount by the No Arbitrage Hypothesis.

Thus, we get the following result:

11



v =51 -0}
where 0,$ is the option which pays off max(S}’$ —S%’$ ,0) . Hence, the value of this
option is:

VS =8 ~SEN)+ 575 TN,

Sl,$
In '2$ + r+lZ2 T—t)
ks> 2
d1=

2NT -t

S1,$
ln[k ’2$ ]+(r—;22 J(T—t)
S

di =
? ST —1

2 =0, +0,> —2Cov
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Appendix 1

Proposition: Suppose B, and B are two Brownian motions. Then, dB|dB? = prodt.
Proof: We shall show this in two stages. First, we shall show that for independent
Brownian motions, dB}dB; =0. Then, using this result, we shall show the more general

formula.
Part I:

Let o= %o s by } be a partition of [0,T]. Then, define:
n—1
1 1 2 2
SW = z (Btk+l _B’k )(Bf/m - B’k )
k=0
Now, all the increments above are independent of each other and have mean zero. Hence:
E(S,)=0
Now we compute the variance of S, :

Var(S,)=E(S, )~ E(S,)* = E(S,%)
) n—l
E(SSO ) = E[Z (B’lk+| _Bflk )2 (B’iﬂ _Btzk )2
k=0

Tkt

n—l1
1 1 1 1 2 2 2 2
+2) (B —B,)B, —B,)B —B )XB —B])
J<k

In the second sum, all of the increments are independent and have mean zero. Hence:
Tg+1

n—1
Var(S,,) = E[Z(Bl ~B} ) (B} -B.)*
k=0

Now, (B1 - B! )2 and (32 -B? )2 are independent of each other. Moreover, each
et 1 et Tk

has expectation (¢,,; —¢;) . Thus:

13



n—1 n—1
Var(S,,) = Z(Ikﬂ —1;)° < "80"2 (T — 1) = "S/J”T
k=0 k=0

As ||go|| — 0, we have Var(S,,) = 0so S, converges to the constant E(S,,)=0.

Part 11:

First we shall show that two normal distributions are independent if and only if their
covariance is zero. We will use this in conjunction with the above to prove the rest of the
theorem. Suppose X and Y are two independent normal distributions. Then Cov(X,Y) =
E[(X-m)(Y-py)] = E[XY] - pxity = E[X]E[Y] - fxlty = UxHy - Hxlly = 0. Now, suppose
X and Y are two correlated normal distributions with correlation coefficient p =

Cov(X,Y)/oxoy. This means that X and Y come from a bivariate normal distribution:

_I[II@—M 2p Gt )ty G- Y)ZJ

1-p? 2

f (x y)= 1 e 2 oy p
A ZEGXGYW
If p =0, then
fX,Y(xay) = ;exp _l (x_lu)zf)z_i_(y_,uzy)z
2no Oy 2 oy oy
I N S B N (V009 | e )
L/EO-X exp{ 2 O-Xz HI:MO_Y exp{ 2 O'Y2
= fx™)fy(»)

Hence, X and Y are independent.
Now, suppose B,1 and Bt2 are two Brownian motions. Then, B,i ~ N(0,7). That is, they
are distributed according to the normal distribution with mean 0 and variance . Now,

suppose Cov(B1 ,B? )=Ct. Then, =Cr = C. Now, define the followin
15 D; P12 \/; \/; g

random variables:

14



Ul =B}

-C 1 1 2
= B, + B
Ji-cr " et

Then, U} ~ N(0,7) and U} ~ N(), (+C71—cz)]' Furthermore:

u;

CowU,,U}) = EUU})

= ———E(B}B)+

C

N ek
-C 1

\/1—C2 t+\/1_c2 Ct

= 0

E(B/B})

1
Ji1-¢?

Hence, the U’ are uncorrelated and independent. Now, it is clear that:

dU} =dB!

du} =

< dB; +
2

However, since by the first part of this proof dU}dU? =0, we know that:

dBldB? =——<

!
dU}dU} =0= = dr+
Ji—c? 1-¢?

dB|dB}

—C : 1
V1-C? QB’ 7 ’ J1-c?

dB/dB}

= ¢ dt= !
ViI-¢*  1-C?
= Cdt = dB) dB?
That is dB;dB} = pdt where p is the “instantaneous” correlation between the two

Brownian motions.
Appendix II

Proposition: The differential equation:

15
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9C p522C L 59 Lac=o
ot aS2 oS

C(0,1)=0
C(S,t)~SasS —>eo
C(S,T)=max(S-K,0)
has solution:

C =8N N Y -Ke! TN )

ln[[i]+(c+bXT—t)
T

h{[i} )T —1)
NG )

1 z 1/ )2
N(z)= —J e(é) ds
N2 v
Proof: Consider the following three substitutions:

dr
B 3 . T _ _ _
o 7 =p(T —1t)which implies that t =T 4,—61[ =—band 7=0¢=T

e S =Ke" which implies that x = ln%)
o C(S,1)=Ku(x,T)
The final substitution in tandem with the fact that:
C(S.T) = max(§ — K.0)= max(Ke* — K0 )= K max* 1,0}
implies that u(x,0) = max* ~1,0)

The above substitutions mean:

16



aC_acar_aKn o
ot JT ot ot ot

9C _9C ox _d(Ku)(1)_K du
oS odx 9S ox (S S ox

92C H(Kau _—Kou K 0 ou_ —-Kou, K K9 ouox

JNFYE S| Sox) s2ox SaSax §2 ax S ox ox aS
_ K K
S? ox §?% ox?

Plugging this back into the original differential equation and solving for E)_u yields the
T

following:

Now, we set:

Then

oax+pt 7%[%71 }+[Zi[;1 T }v(x

u(x,7)=e v(x,T)=e
where v is a function satisfying

o
9T ox?

Therefore,

1(c
u(x.0) = max* ~1,0 )= e_E[Z_l}v(x,O)

17



iy e
b

= 1(x,0) = max| e?

Now, we must solve the differential equation:

w_o

ar ox?

) )
b

v(x,0) = max| e2

This is the Heat Equation with initial condition ¢(x)=v(x,0). Its solution is:

R i
_Le T p(y)dy.

1

LY 5

v(x,7T)=

Now, we make the change of variable Q = Y%

J2r

. Our integral then becomes:

v(x,T) =%Jm e_ngJ(x/EQ-Fx)dQ
PN

Now,

L s
(p(y)20<:>e5(/b+])/ 262(/1’ D oy>-

Therefore,

o(N210+x)20 = 210 +x2—210-x & 0> =
J2r

Thus, the integral becomes:

Q% e%(E/bH 21Q+x)_e%(c/b—l 200+x)

v(x,T) = do=1,-1_

Lr }
N

—QZ 1
1 00 ——+—\Y +1 W2t0+x
I, =—— e ? 2(/’) )dQ

\CRi

18



2
/- 1 J-w e%%(%—l \/EQH)dQ
Vor

We shall now calculate /:

- 1 J«» e%+é%+l 2‘:Q+x)dQ
Jar Y

7(/+1)( ,Q2 1 .
J- (/ 1 ZTQdQ
271' /\/E

,(/+1)r J‘ _7@_%+1)/;j+%(%+1)1d
Vo e

1 L
eg(/b“)JrZ(/bH)T - e*%@*(c/bﬂ)/gj do
NeTS WA

Now, we make the substitution p = Q—%(%H I\/ 27 . Since

- 1
> —+1 W27 , the integral becomes:
\/2 \/21 2 ( ]

Likewise,

19
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. ;Jm eiJ%(C/b—l 21Q+x)dQ
Vor
1¢

2
— ] N
+5(‘/b*‘ 70 o

27Z' ‘[/\/g

1@

I o))
ﬂ T

26 [ 206
\ar i

o 1 ] T o
Now, we make the substitution y = Q_E(%_l 2t . Since

- 1 .
Ogz—ovy > [ g \2r , the integral becomes:
27 N2t 2\ b

) 7 L 7 GG e e
7 =° J'x e e 2do="% J-\/§2[b }Fe2dQ
YRS o

Written more simply, it is:

[ =

Thus,

u(x,7)

Il Il
Q | Q
N | —
/N
[SANEN
|
S =
T T
I/
S
|
N
/N
[SSNEN
|
S——
N
|
N
l—l

20



But, 7 =b(T-¢) and x = ln%) so:

T R ¥ ) 4y
wx7) = e (K}(b b]b "Nyt v
(i}(e+d)(T—t)N(d+)_ed(T—t)N(d)
K

Likewise, C(S,1) = Ku(x,7) = C(S,1) = Se“* N IN(d )~ Ke?TIN(d_). Finally,

we make the resubstitutions for d; and d_:

K 1({c
= —| —+1 2b(T -1t
{5 e

)+;(;+1](2bXT—t)
V26T 1)
j+ C+)T—1)

J26(T-1)

Likewise,

Appendix 111

Proposition: The differential equation:

21



2
9C p522C L 59 Lac=o
ot aS2 oS

C(0,7) =T
C(S,)~S as S — oo
C(S,T) = max(S,1)
has solution:
C =T 4 ST NG V=TI N )

_ In(S)+(c+b)T 1)

J2b(T 1)

i = In(S )+ (c—b)T—1)

2T =1)

d,

1 z 1/ )2
N(z)= —J e(é) ds
N2 e
Proof: The proof is very similar to the above proof. We make the three substitutions:

e 7 =p(T —1t) which implies that t=T—Tb,%=—b and 7=0=¢=T
t

e §=e" which implies that x = In(S)
o C(S,)=u(x,1)
The final substitution in tandem with the fact that:
C(S.T) = max($.1)= max* 1 )= 1+ max* —1,0)
implies that (x,0)=1+max " —1,0). The above substitutions yield the differential

equation:

22



As before, we set

1(c d 1(c Y
EC 37[71]
u(x,7) = e PTy(x, 1) =e v(x
where v is a function satisfying

w_o

E_axz

Thus,

1(c
u(x,0) = max* ~1,0)= e_E[Z_l}v(x,O)

1 cb_l) e%(C/bH){ _e%(c/b—l)’o

= 1(x,0) = e2 +max

Now, if we think of v as two functions:

v(x, 1) =v(x, 1)+ v,y (x,1)

1o/a)

v (x,0)=e?

ek 16

v, (x,0) = max| e?

Now, it is clear that v, is the differential equation of the last proof which has already been

solved. Hence, we must only solve v;.

Its solution is:

-G-yy 1 )
nErn=—=] e 4 e

NarT

y—Xx

J2r

Now, using the same change of variable from Appendix II, QO = , our integral

becomes:

23



v(x,T) =%Jm e_ngJ(x/EQ-Fx)dQ
PR

RV G
vl(x”[):%j e 2 62(/b 70+ )dQ
T Jee

Notice, this is exactly the same integral as /. of Appendix II except that it goes from

minus infinity to infinity. Hence its solution is:

1 (%_I)H%(%—I)TN(DO

v (x,T)= eE

) _ e%(%—l)w%(c/b—l)‘r

Hence, the solution of the differential equation with the new boundary condition is
)
v;(x,t). Thus, u; is as in the last

2
J d
—T
proof and u,(x,t)=e }vl (x,t)=e? . Hence, the solution is:
C =T +Se(c+d)(T—t)N(d+)_ed(T—t)N(di)

_ In(S)+(c+b)T 1)

s J26(T 1)

i = In(S)+(c—-b)XT—1)

26T =1)

Ad Maiorem Dei Gloriam!

"If § pays a stock dividend, r is this number; if S2 pays a dollar dividend, r is this dollar
dividend divided by the price of §*

" See Appendix II for solution

" This arbitrage argument presented is for the case where S° pays no dividends (i.e., r =
0).

24



V Using the notation of the appendices, the differential equations approach involves
understanding that C(S,T) = min(S,1) = S - max(S-1,0) = C, - C; where C;=S and C, =
max(S-1,0). Now, C, is the boundary condition for the option from Sections I-II solved
in Appendix II. Furthermore, C, = S solves the requisite differential equation:
2
aﬁwsaﬁ+lsz(cl2 +0,> —2Cov) 9I°C, —rC; =0
ot s 2 9S?

Hence, this proves that the formula C,$ = S,l’$ - O,$ where 0,$ is the option of Sections

II-IIT which pays off max(S}’$ —S%’$ ,0) must be correct.
2

2 + Pt
V This is because if v satisﬁes£=ﬂ, u=e” 'BV, 0{=—£,and ,B=b—a—,thenu
x> 2 4
2
satisfies —u=a—u+aa—u+bu
ot ax2 ox
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